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Let B be a torsion-free Abelian group of ﬁnite rank with OT(B) =
type(Q). This paper gives necessary and suﬃcient conditions for
such a group B to be a ﬁnitely faithful S-group with the property
that every ﬁnite rank pure subgroup of a group A with Ext(A, B)
torsion-free is B-cobalanced in A. Several applications of this result
are given. In particular, we classify the torsion-free groups A of
ﬁnite rank such that Ext(A, B) is torsion-free in the case that B is
an irreducible Murley group.
© 2011 Elsevier Inc. All rights reserved.
1. Introduction
The structure of the divisible group Ext(A, B) for torsion-free groups A and B has been one of
the central topics in the theory of Abelian groups. Its invariants were determined by Shelah and
others who showed in particular that, if A and B are countable, then r0(Ext(A, B)) = 2ℵ0 whenever
Ext(A, B) = 0. However, the torsion-subgroup of Ext(A, B) may vanish without the Ext-group itself
being zero, as was shown by Warﬁeld in [10]. To simplify our notation, we denote the class of all
torsion-free Abelian groups A such that Ext(A, B) is torsion-free by ∗B . In the following, B will always
be a torsion-free group of ﬁnite rank.
Arnold showed in [3] that B ∈ ∗B if and only if B is a ﬁnitely faithful S-group, i.e. rp(E(B)) = rp(B)2
for all primes p where E = E(B) denotes the endomorphism ring of B and rp(B) = dimZ/pZ B/pB .
Furthermore, Goeters described the elements of ∗B in case that B is a ﬁnitely faithful S-group:
A torsion-free group G belongs to ∗B if and only if G ⊗ B0 = D ⊕ H where D is divisible and H is
isomorphic to a pure subgroup of B I for some index-set I [9]. Here, B0 is the subring of Q generated
by { 1p | p /∈ supp(B)} where supp(B) = {p ∈ P | rp(B) > 0}.
Homological properties of ∗B were investigated by Faticoni and Goeters in [5] and [8] under the
assumption that B is a torsion-free group of ﬁnite rank with OT(B) = type(Q), i.e. if there is at least
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sequence 0 → U → G such that G ∈ ∗B and r0(U ) < ∞ [8]. We call such sequences B-cobalanced.
Furthermore, the second author showed in his dissertation that ∗B = ∗Bτ if OT(B) = type(Q) where
Bτ ⊆ Q with type(Bτ ) = IT(B) [6]. In particular, a reduced group of ﬁnite rank belongs to ∗B if and
only if it is isomorphic to a subgroup of Bn for some n < ω. However, it is not possible to com-
bine the results of [3] and [8] to address the question whether pure ﬁnite rank subgroups of groups
in ∗B are B-cobalanced if B is an indecomposable ﬁnitely faithful S-group with r0(B) > 1. To see
this, observe that a ﬁnitely faithful S-group B with OT(B) = type(Q) satisﬁes r0(E)  [r0(B)]2 =
[rp(B)]2 = rp(E)  r0(E) for some prime p. By [10], such a B is homogeneous completely decom-
posable.
The goal of this paper is to investigate the class ∗B if OT(B) = type(Q). Our results show that it is
signiﬁcantly more complex than the case OT(B) = type(Q). For instance, although ∗Bτ ⊆ ∗B still holds
in this setting, the last inclusion may be proper (Proposition 3.4). Moreover, Example 2.1 shows that
pure ﬁnite rank subgroups of a group G ∈ ∗B need not be B-cobalanced if B is an indecomposable
ﬁnitely faithful S-group with r0(B) > 1. Naturally, the question arises if there do exist ﬁnitely faithful
S-groups with this property, which are not homogeneous completely decomposable. Theorem 2.4
answers this question completely by characterizing the ﬁnitely faithful S-groups with this property
as direct sums of irreducible Murley groups subject to certain natural constraints. Here, a group B is
irreducible if it does not have any proper, non-zero pure fully invariant subgroups. A torsion-free group
B is a Murley group if rp(B) 1 for all primes p. Clearly, every Murley group is a ﬁnitely faithful S-
group. Finally, A is homogeneous if all pure rank-1 subgroups of A have the same type. A homogeneous
Murley group is indecomposable; and irreducible Murley groups are homogeneous [2, Chapter 15].
We want to remind the reader that the ﬁrst author and Goeters showed in [1] that every irreducible
Murley group B is of the form B = Bτ ⊗ E where Bτ is a rank-1 group of type τ and E = E(B) is
the endomorphism ring of B . Moreover, E is a PID whose additive group E+ is an irreducible Murley
group too. Without loss of generality, we can choose Bτ in such a way that B0 ⊆ Bτ . We will ﬁx
this notation for the rest of this paper. Observe that this guarantees |(B/E)p | < ∞ for all primes
p since B/E ∼= (Bτ /B0) ⊗ E . Moreover, if V is a non-zero pure subgroup of an irreducible Murley
group B , then rp(V ) = rp(B) = 1 for all primes p, and B/V is divisible. Therefore, OT(B) = type(Q) if
r0(B) > 1.
Theorem 3.1 shows that, even for an irreducible Murley group B , a group G with RB(G) = 0 need
not belong to ∗B in contrast to the case OT(B) = type(Q). However, it is possible to identify the
subgroups of Bn which belong to ∗B if B is an irreducible Murley group: A torsion-free group A of
ﬁnite rank belongs to ∗B if and only if (A ⊗ E)/D is isomorphic to a subgroup/E-submodule of Bn for
some n <ω where D is the largest divisible subgroup of A ⊗ E (Theorem 3.2).
2. B-cobalanced sequences and Murley groups
For Abelian groups B and G , let G∗ denote the left E-module Hom(G, B). Similarly, M∗ =
HomE (M, B) whenever M is a left E-module. The symbol ψG denotes the natural map G → G∗∗ ,
whose kernel is RB(G), the B-radical of G . A group G is B-reﬂexive if ψG is an isomorphism. Observe
that every group of the form Bn is B-reﬂexive.
We begin our discussion by showing that a pure subgroup of a ﬁnitely faithful S-group B need
not be B-cobalanced in B:
Example 2.1. Let B be a torsion-free Abelian group of rank 2 with E ∼= Z, which contains a pure
subgroup U ∼= Z with B/U ∼= Q. Such a B is an indecomposable Murley group, and exists by Corner’s
Theorem [4]. If U were B-cobalanced in B , then the induced sequence 0 = Q∗ → B∗ → U∗ → 0 would
be exact. Therefore, Z ∼= B∗ ∼= U∗ ∼= B , a contradiction.
Before turning to the question which ﬁnitely faithful S-groups B have the property that ﬁnite rank
pure subgroups of groups in ∗B are B-cobalanced, we present several technical results which will be
used frequently throughout the paper:
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a) If G ∈ ∗B and if U is a pure subgroup of G, then U ∈ ∗B.
b) If 0 → U → G → G/U → 0 is a B-cobalanced exact sequence, then G ∈ ∗B if and only if U and G/U
belong to ∗B.
c) If A is torsion-free, then there are natural isomorphisms Hom(A ⊗ B0, B) ∼= Hom(A, B) and Ext(A, B) ∼=
Ext(A ⊗ B0, B).
d) A pure subgroup U of a torsion-free group G is B-cobalanced if and only if U ⊗ B0 is B-cobalanced in
G ⊗ B0 .
Proof. a) Since U is pure in G , the group Ext(G/U , B) is divisible. Therefore, the sequence
Ext(G/U , B) → Ext(G, B) → Ext(U , B) → 0 splits. Part b) is shown using similar arguments.
c) Let A be a torsion-free Abelian group. There exists an exact sequence 0→ A → A⊗ B0 → T → 0
where T = A⊗(B0/Z) has the property that T p = 0 implies B = pB . It induces 0 = T ∗ → (A⊗ B0)∗ →
A∗ → Ext(T , B) = 0. Since 0 = Ext(T , B) → Ext(A ⊗ B0, B) → Ext(A, B) → 0 is exact, c) holds.
To see d), observe that U ⊗ B0 is a pure subgroup of G ⊗ B0 since (G/U ) ⊗ B0 is torsion-free. The
exact sequence 0→ U → G induces the rows of the commutative diagram
Hom(G ⊗ B0, B) −−−−→
α
Hom(U ⊗ B0, B)
⏐⏐
∼=
⏐⏐
∼=
Hom(G, B) −−−−→
β
Hom(U , B)
whose vertical maps are the isomorphisms from c). Clearly, α is onto if and only if β is onto. 
A version of the next result can be found in [5]. However, the formulation given here is more
suitable for the purposes of our discussion:
Proposition 2.3. Let B be a reduced torsion-free Abelian group. If G is a torsion-free B0-module such that
Ext(G, B) is torsion-free, then the following hold:
a) If G∗ = 0, then G is divisible.
b) RB(G) is the largest divisible subgroup of G.
Proof. a) Consider the exact sequence 0 → G → D → T → 0, in which D is the divisible hull of G ,
and T is a divisible torsion group. It induces 0 = G∗ → Ext(T , B) → Ext(D, B) → Ext(G, B) → 0. Since
Ext(G, B) is torsion-free, Ext(T , B) is divisible as a pure subgroup of the divisible group Ext(D, B). On
the other hand, Ext(T , B) is reduced by [7, Theorem 52.3]. Therefore, Ext(T , B) ∼= Hom(T ,QB/B) = 0.
However, this is only possible if T p = 0 whenever (QB/B)p = 0. Thus, p ∈ supp(B) yields G = pG .
Since G is a B0-module, we obtain G = pG for all primes p.
b) The exact sequence 0 → RB(G) → G α→ G/RB(G) → 0 induces the exact sequence 0 →
(G/RB(G))∗
α∗→ G∗ → RB(G)∗ δ→ Ext(G/RB(G), B) → Ext(G, B) → Ext(RB(G), B) → 0. Since α∗ is onto,
δ is a monomorphism. Because Ext(G, B) is torsion-free, RB(G)∗ is a pure subgroup of the divisible
group Ext(G/RB(G), B). Thus, it is divisible, which is not possible in view of the fact that dual-
groups are reduced, unless RB(G)∗ = 0. Therefore, the sequence 0→ Ext(G/RB(G), B) → Ext(G, B) →
Ext(RB(G), B) → 0 splits; and Ext(RB(G), B) is torsion-free. By a), RB(G) is divisible. 
A torsion-free group B of ﬁnite rank is Q-simple if QE is a simple Q-algebra. It is p-simple if E/pE
is a simple Z/pZ-algebra [2, Section 15]. Finally, if U is a subgroup of a torsion-free group G , then
the puriﬁcation U∗ of U in G is the subgroup V of G containing U such that V /U = t(G/U ).
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a) B is a ﬁnitely faithful S-group such that, whenever U is a ﬁnite rank pure subgroup of a torsion-free group
G ∈ ∗B, then U is B-cobalanced in G.
b) B ∼= Bm11 ⊕ · · · ⊕ Bmnn where Bi is an irreducible Murley group for each i = 1, . . . ,n such that
i) Hom(Bi, B j) = 0 for all i = j, and
ii) if B = pB for some prime p, then there is exactly one j such that B j = pB j .
Proof. a) ⇒ b): For every prime p, E/pE is isomorphic to a subring of E(B/pB) ∼= Matrp(B)(Z/pZ).
Since Ext(B, B) is torsion-free, rp(E) = [rp(B)]2. Therefore, E/pE ∼= E(B/pB) is a simple ring; and B
is p-simple for all primes p. By [2, Theorem 15.5], B = C1 ⊕· · ·⊕ Cn where each Ci is a fully invariant
subgroup of B which is Q-simple and p-simple for each prime p. Moreover, if p is a prime, then
B/pB = C j/pC j for some j ∈ {1, . . . ,n}. In particular, Hom(Ci,C j) = 0 whenever i = j.
By [2, Theorem 15.8], Ci ∼= Bkii ⊕ B ′i , where Bi is strongly indecomposable, Q-simple and p-simple
for all primes p, and B ′i is nearly isomorphic to Bi . [2, Theorem 15.1] yields that Bi is quasi-
isomorphic to a group Xi such that QE(Xi) is a division algebra. But then, QE(Bi) is a division
algebra too. Suppose that we have already shown that Bi is an irreducible Murley group. By [2, Corol-
lary 15.12], B ′i ∼= Bi . Therefore, Ci ∼= Bki+1i , and B has the desired form since Hom(Ci,C j) = 0 yields
Hom(Bi, B j) = 0; and Ci = pCi if and only if Bi = pBi .
Suppose that X is a direct summand of B such that QE(X) is a division algebra. To simplify our
notation, we write G for the left E(X)-module Hom(G, X) to distinguish it from G∗ = Hom(G, B).
Since QE(X) is a division algebra, every non-zero endomorphism of X is a monomorphism, and
E(X)x ∼= E(X) for all non-zero x ∈ X . Moreover, because X is a direct summand of B , every B-
cobalanced exact sequence is also X-cobalanced, and ∗B ⊆ ∗X .
In the ﬁrst step, we show that X is homogeneous. Let τ ∈ typeset(X), and choose a pure rank-1
subgroup U of X of type τ . Observe that r0(X(τ )) r0(E(X)). This holds because X(τ ) is fully invari-
ant in X , and every non-zero endomorphism of E(X) is a monomorphism. Thus, E(X) ∼= E(X)x ⊆ X(τ )
for all non-zero x ∈ X(τ ).
Since Ext(X, B) is torsion-free by i), U is B-cobalanced in X by a). Therefore, the sequence 0 →
(X/U )∗ → X∗ → U∗ → 0 is exact. But then, 0 → (X/U ) → X α→ U  → 0 is exact too. Moreover,
if (X/U ) = 0, then there exists a non-zero endomorphism of X whose kernel contains U , which is
not possible since QE(X) is a division algebra. Therefore, the map α : X → U  is an E(X)-module
isomorphism. Since U has type τ , we obtain U  = Hom(U , X(τ )). Select a subgroup Y ∼= U 	 of X(τ )
such that X(τ )/Y is torsion. Because Hom(U , Y ) is isomorphic to a subgroup of U  , we have r0(U )
	 = r0(X(τ )), and r0(E(X)) = r0(U ) r0(X(τ )) r0(E(X)); and all of these ranks coincide. Moreover,
if p is a prime such that U = pU , then X(τ ) = pX(τ ), and U  = pU  . Since E(X) ∼= U  , we have
E(X) = pE(X) from which we get X = pX . On the other hand, X = pX implies U = pU since U is
pure in X . Therefore, rp(U ) = 1 if and only if p ∈ supp(X).
Suppose that X is not homogeneous. If typeset(X) contains types σ1 and σ2 with σ1 < σ2, then
X(σ2) is a proper pure subgroup of X(σ1). In particular, r0(E(X)) = r0(X(σ2)) < r0(X(σ1)) = r0(E(X))
by the results of the last paragraph. The resulting contradiction shows that any two distinct types in
typeset(X) have to be incomparable.
Select types σ ,τ ∈ typeset(X) with σ = τ , and choose subgroups U and V of Q containing Z
such that type(U ) = τ and type(V ) = σ . Since U and V are isomorphic to pure subgroups of X , and
since X is a direct summand of B , the groups Ext(U , B) and Ext(V , B) are torsion-free by Lemma 2.2.
The sequence 0 → U ∩ V → U ⊕ V → U + V → 0 is B-cobalanced by a). Hence, Ext(U + V , B) is
torsion-free by Lemma 2.2; and the same holds for Ext(U + V , X). If there exists a non-zero ho-
momorphism β : U + V → X , then let ρ be the type of the rank-1 subgroup (β(U + V ))∗ of X ;
and observe σ ,τ  typeQ(U + V ) ρ . Since typeset(X) does not contain comparable types, we have
σ = ρ = τ , a contradiction. Thus, (U + V ) = 0. However, because U and V are isomorphic to pure
subgroups of X , they are X0-modules. Since the same holds for U + V ⊆ Q, we have U + V = Q by
Proposition 2.3.
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If T = U/(U ∩ V ), then dim T [p] + rp(U ) = rp(U ∩ V )+ rp(T ) by [2, Theorem 0.2]. Hence, dim T [p] =
rp(T ), which is only possible if T p is ﬁnite. In the same way, (V /[U ∩ V ])p is ﬁnite too. Deﬁne φ :
U + V → [U/(U ∩ V )]⊕ [V /(U ∩ V )] by φ(u+ v) = (u+U ∩ V , v+U ∩ V ). Then, φ is an epimorphism
with kernel U ∩ V . In particular, ([U + V ]/[U ∩ V ])p is ﬁnite for all primes p. On the other hand,
since U + V = Q, the group (U + V )/(U ∩ V ) is divisible. Therefore, ([U + V ]/[U ∩ V ])p = 0. Another
application of [2, Theorem 0.2] yields 0 = rp(U + V ) = rp(U ∩ V ) = 1, a contradiction. Therefore, X is
homogeneous.
Let τ be the type of X , and consider a pure rank-1 subgroup U of X . As we have already seen, the
sequences 0 → (X/U )∗ → X∗ → U∗ → 0 and 0 = (X/U ) → X → U  → 0 are exact, and r0(E(X)) =
r0(U ) = r0(X(τ )) = r0(X) since X is homogeneous. By Lemma 2.2, the exactness of the ﬁrst sequence
yields that Ext(X/U , B) is torsion-free. Clearly, the same holds for Ext(X/U , X). Since (X/U ) = 0 and
X/U is a torsion-free X0-module, X/U is divisible by Proposition 2.3. Hence, rp(X) = rp(U )  1 for
all primes p, and X is a Murley group.
It remains to show that X is irreducible. Let W be a non-zero, pure fully invariant subgroup of X ;
and choose 0 = w ∈ W . By what has been shown so far, E(X) ∼= E(X)w ⊆ W , and r0(X) r0(W ) 
r0(E(X)) = r0(X). Consequently, W = X , and X is irreducible.
b) ⇒ a): Let p be a prime with B = pB , and select j with B j = pB j . Then, rp(B) = rp(Bmjj ) =mj
by ii) since B j is a Murley group. On the other hand, E(B) ∼= Matm1 (E(B1)) × · · · × Matmn (E(Bn))
yields rp(E) = rp(Matm j (E(B j))) = m2j rp(E(B j)) = m2j since 1  rp(E(B j))  [rp(B j)]2 = 1. Thus, B is
a ﬁnitely faithful S-group.
To conclude the proof, we ﬁrst assume that B is an irreducible Murley group. It is of the form
B = Bτ ⊗ E , where the endomorphism ring E of B is a PID, and Bτ is a subgroup of Q containing B0
with τ = type(Bτ ) = type(B). In particular, B/E ∼= (Bτ /B0)⊗ E has ﬁnite p-components for all primes
p since Bτ /B0 has this property.
Let A be a torsion-free Abelian group such that Ext(A, B) is torsion-free. By parts c) and d) of
Lemma 2.2, we may assume that A is a B0-module. Furthermore, every pure subgroup of A is a B0-
submodule. Consider a ﬁnite rank pure subgroup U of A. We induct on n = r0(U ) to show that the
sequence 0 → U → A → H → 0 is A-cobalanced.
Suppose r0(U ) = 1, and assume in the ﬁrst step that A is reduced. By Proposition 2.3, RB(A) = 0.
Consider the induced sequence 0 → H∗ → A∗ α→ U∗ δ→ Ext(H, B) → Ext(A, B) → Ext(U , A) → 0. If
M = im(α) vanishes, then U ⊆ RB(A) = 0, a contradiction. Since Ext(A, B) is torsion-free, we obtain
that U∗/M ∼= im(δ) is a pure subgroup of the divisible group Ext(H, B), and is hence divisible too.
Because of U∗ = 0 and r0(U ) = 1, we have type(U )  τ . Choose a subgroup B ′ ∼= Bmτ of B where
m = r0(B). The induced sequence 0 → Hom(U , B ′) → Hom(U , B) gives us r0(B) = r0(Hom(U , B ′)) 
r0(U∗). On the other hand, r0(U∗)  r0(U )r0(B) = r0(B) yields r0(U∗) = r0(B) = r0(E). If 0 = u ∈ U ,
then E ∼= Eu ⊆ U∗ since E is a PID. Since r0(U∗) = r0(E), the group U∗ has rank 1 as an E-module.
Therefore, U∗/M is torsion.
Since there exists an exact sequence 0 → Z → U → T → 0 for some torsion group T , we ob-
tain an induced sequence 0 = T ∗ → U∗ → Z∗ ∼= B of left E-modules. Hence, U∗ is isomorphic to
an E-submodule of B . Without loss of generality, we may assume U ∗ ⊆ B . Since B has rank 1 as
an E-module, both B/U∗ and B/M are torsion. Observe that (M + E)/M ∼= E/(M ∩ E) is a ﬁnitely
generated E-module whose additive group is torsion since (M + E)/M ⊆ B/M . Hence, we can ﬁnd a
non-zero integer 	 such that 	E ⊆ M . Therefore, [(M + E)/M]p is bounded for all primes p. Consider
the sequence B/E → B/(M + E) → 0 of torsion groups; and remember that (B/E)p is ﬁnite for all
primes p. Since p-components are mapped into p-components, B/(M + E) has ﬁnite p-components
too. Thus, the outside groups in the sequence 0 → (M+ E)/M → B/M → B/(M+ E) → 0 are reduced;
and the same holds for the group in the center too. On the other hand, the divisible group U ∗/M is
isomorphic to a subgroup of B/M , which results in a contradiction unless M = U ∗ . Therefore, U is
B-cobalanced in A.
If A is not reduced, then there are two cases. If U is not reduced, then U ∼= Q, and thus a direct
summand of A. Clearly, U is B-cobalanced in A. If U is reduced, then U ∩ D(A) = 0 where D(A)
is the largest divisible subgroup of A since U is a pure rank-1 subgroup of A. Write A = D(A) ⊕ V
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B-cobalanced in A too.
Suppose that r0(U ) = n > 1, and consider φ : U → B . If W is a pure rank-1 subgroup of U , then
W is B-cobalanced in A by what has just been shown. Consequently, there is ψ : A → B with ψ |W =
φ|W by what has been shown so far. Let λ = φ − ψ |U . Because λ|W = 0, we may view λ as an
element of Hom(U/W , B). Since Ext(A/W , B) is torsion-free by Lemma 2.2, the induction hypothesis
guarantees that there exists a map β : A/W → B such that β|(U/W ) = λ. We view β as a map
A → B with β(W ) = 0. For every u ∈ U , we have (β +ψ)(u) = (φ(u)−ψ(u))+ψ(u) = φ(u). Thus, U
is B-cobalanced in A.
Now write B = C1 ⊕· · ·⊕ Ck where each Ci is an irreducible Murley group. Observe that Ext(A,Ci)
is torsion-free for all i = 1, . . . ,k. Let π : B → Ci and δ : Ci → B be the coordinate projections with
the associated embeddings. Then, δ1π1 + · · ·+ δkπk = 1B . Consider a pure exact sequence 0 → U α→ A
where r0(U ) < ∞ and Ext(G, B) is torsion-free. Observe that the group Ext(A,Ci) is torsion-free for
all i = 1, . . . ,k. Suppose that φ ∈ Hom(U , B). Since each Ci is an irreducible Murley group, there
is a map ψi ∈ Hom(A,Ci) with πiφ = ψiα by what has been shown so far. Let ψ = δ1ψ1 + · · · +
δkψk ∈ Hom(A, B). Then, ψα = δ1ψ1α + · · · + δkψkα = δ1π1φ + · · · + δkπkφ = φ; and 0 → U α→ A is
B-cobalanced. 
Corollary 2.5. The following conditions are equivalent for a completely decomposable group B:
a) B is a ﬁnitely faithful S-group such that, whenever U is a ﬁnite rank pure subgroup of a torsion-free group
G ∈ ∗B, then U is B-cobalanced in G.
b) B ∼= Bm11 ⊕· · ·⊕ Bmnn where the Bi ’s are rank-1 groups such that type(Bi) and type(B j) are incomparable
for i = j, and for all primes p, there is at most one index i such that [type(Bi)]p < ∞.
Furthermore, we obtain
Theorem 2.6. The following conditions are equivalent for a reduced torsion-free group B:
a) B is an irreducible Murley group.
b) i) B is a homogeneous ﬁnitely faithful S-group with r0(E) r0(B).
ii) Whenever U is a ﬁnite rank pure subgroup of a torsion-free group G ∈ ∗B, then U is B-cobalanced
in G.
c) i) B/U is divisible for all non-zero pure subgroups U of B.
ii) Whenever U is a ﬁnite rank pure subgroup of a torsion-free group G ∈ ∗B, then U is B-cobalanced
in G.
Proof. a) ⇒ b) is a direct consequence of the last theorem and the fact that an irreducible Murley
group is indecomposable remembering that E is a PID in this case.
b) ⇒ c): For a pure rank-1 subgroup U of B , consider the induced sequence 0→ (B/U )∗ → B∗ →
U∗ → 0 which is exact because of ii). Hence, r0(E)  r0(U∗). In view of i), B contains a subgroup
isomorphic to Un where n = r0(B). As before, this yields r0(U∗) r0(Hom(U ,Un)) = n = r0(B). Since
r0(B)  r0(E) by i), we obtain r0(E)  r0(U∗)  r0(B)  r0(E); and all these ranks coincide. Because
0 → (B/U )∗ → B∗ → U∗ → 0 is pure-exact, (B/U )∗ = 0. The exactness of the last sequence also yields
the exactness of 0 → Ext(B/U , B) → Ext(B, B). Therefore, Ext(B/U , B) is torsion-free because of i). By
Proposition 2.3, B/U is divisible. If W is any non-zero pure subgroup of B , then it contains a pure
rank-1 subgroup U . Then, B/W is divisible as an epimorphic image of the divisible group B/U .
c) ⇒ a): Let U be a pure rank-1 subgroup of B . By i), B/U is divisible. Since rp(B) = rp(U ) +
rp(B/U ) = rp(U ) 1 for all primes p, the group B is Murley. In particular, Ext(B, B) is torsion-free. If
B is not indecomposable, then B = C ⊕ D , and one of the summands has to be divisible, which is not
possible since B is reduced. Now apply Theorem 2.4. 
However, pure subgroups of inﬁnite rank of a group G ∈ ∗B need not be B-cobalanced:
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subgroup U of G is B-cobalanced if and only if U is a direct summand. In particular, G contains a
pure subgroup V which is not B-cobalanced.
Proof. If G =⊕ω B0, then Ext(B0, B) = 0. If U is a pure, B-cobalanced subgroup of G , then the map
α in the induced sequence G∗ α→ U∗ → Ext(G/U , B) → Ext(G, B) = 0 is onto. Thus, Ext(G/U , B0) = 0;
and G/U is a free B0-module since countable B0-Whitehead modules are free. Hence, U is a direct
summand of G . On the other hand, G contains a pure subgroup V with G/V ∼= Q. 
3. The class ∗B
Since B = B1 ⊕ · · ·⊕ Bn yields ∗B =⋂ni=1(∗Bi), we can restrict our discussion to the case that B is
an irreducible Murley group instead of the class of all the groups described in Theorem 2.4.
Proposition 3.1. Let B be a homogeneous Murley group of type τ , and Bτ a pure rank-1 subgroup of B. Then,∗Bτ ⊆ ∗B.
Proof. There exists an exact sequence 0 → Bτ → B → D → 0 such that D is torsion-free divisible
since Bτ = pBτ if and only if B = pB because B is homogeneous and Bτ is pure in B . For A ∈ ∗Bτ , we
obtain the exact sequence Hom(A, D)
δ→ Ext(A, Bτ ) α→ Ext(A, B) → Ext(A, D) = 0. Since Ext(A, Bτ ) is
torsion-free and Hom(A, D) is divisible, im(δ) is torsion-free and divisible. Therefore, Ker(α) = im(δ)
is a direct summand of Ext(A, Bτ ); and Ext(A, B) is torsion-free. 
We now characterize the ﬁnite rank groups A ∈ ∗B in case that B is an irreducible Murley group.
Theorem 3.2. Let B = Bτ ⊗ E be an irreducible Murley group. The following are equivalent for a torsion-free
group A of ﬁnite rank:
a) Ext(A, B) is torsion-free.
b) Ext(A ⊗ E, B) is torsion-free.
c) ExtE (A ⊗ E, B) is torsion-free.
d) (A ⊗ E)/D is isomorphic to a subgroup of Bn for some n < ω where D denotes the maximal divisible
subgroup of A ⊗ E.
e) (A⊗ E)/D is isomorphic to an E-submodule of Bn for some n <ω where D denotes the maximal divisible
subgroup of A ⊗ E.
Proof. a) ⇔ b): Consider an exact sequence 0 → B0 → E → D → 0 in which D is torsion-free di-
visible. It induces 0 → A ⊗ B0 → A ⊗ E → A ⊗ D → 0, from which we obtain the exact sequence
0 = (A ⊗ D)∗ → (A ⊗ E)∗ α→ (A ⊗ B0)∗ δ→ Ext(A ⊗ D, B) → Ext(A ⊗ E, B) → Ext(A ⊗ B0, B) → 0. By [1,
Lemma 2.4], HomZ(E, B) = HomE (E, B) ∼= B . Thus,
Hom(A ⊗ E, B) ∼= Hom(A,Hom(E, B))∼= Hom(A, B) ∼= Hom(A ⊗ B0, B).
In particular, (A ⊗ E)∗ and (A ⊗ B0)∗ have the same rank, and im(δ) is torsion. Because Ext(A ⊗
D, B) is torsion-free and divisible, im(δ) = 0, and the remaining sequence 0 → Ext(A ⊗ D, B) →
Ext(A ⊗ E, B) → Ext(A ⊗ B0, B) → 0 splits. The equivalence of a) and b) is obvious now.
b) ⇔ c): Consider a free resolution 0 → F1 → F2 → A ⊗ E → 0 of the E-module A ⊗ E . Since Fi
is a direct sum of copies of E , we have HomZ(Fi, B) = HomE(Fi, B) by [1, Lemma 2.4]. Consider the
induced diagram
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⏐∼=
⏐
⏐∼=
⏐
⏐φ
HomR(F2, B) −−−−→ HomR(F1, B) −−−−→ ExtE(A ⊗ E, B) −−−−→ 0.
Since the group Ext(F2, B) is torsion-free by the equivalence of a) and b), and since ExtE (A ⊗ E, B) is
divisible because E is a PID, we obtain Ext(A ⊗ E, B) ∼= ExtE(A ⊗ E, B)⊕U for some pure subgroup U
of Ext(F2, B). Now, the equivalence of b) and c) follows immediately.
c) ⇒ d): If Ext(A, B) is torsion-free, then Ext(A ⊗ E, B) is torsion-free by what has already been
shown. Therefore, RB(A ⊗ E) is the largest divisible subgroup D of A ⊗ E by Proposition 2.3. Conse-
quently, (A ⊗ E)/D is isomorphic to a subgroup of Bn for some n <ω.
To see d) ⇒ e), observe that A ⊗ E is an E-module, and that D is a submodule A ⊗ E . By [1,
Lemma 2.4], any Z-morphism (A ⊗ E)/D → Bn is an E-morphism too. Therefore, (A ⊗ E)/D can be
viewed as an E-submodule of Bn .
e) ⇒ c): Because we have already established that a), b) and c) are equivalent, it suﬃces to show
that Ext(A ⊗ E, B) is torsion-free. Since Ext(A ⊗ E, B) ∼= Ext((A ⊗ E)/D, B) ⊕ Ext(D, B), and D is a
submodule A⊗ E , it is enough to show that Ext(M, B) is torsion-free whenever M is an E-submodule
of Bn for some n < ω. We induct on n, and assume ﬁrst that M is a non-zero E-submodule of B .
Then, there exists an exact sequence 0 → E → M → T → 0 with T torsion. By [1, Lemma 2.4], B∗ =
Hom(E, B) = HomE(E, B) ∼= B has rank 1 as an E-module. Since we have an exact sequence 0= T ∗ →
M∗ → E∗ , we obtain that M∗ has rank 1 as an E-module too.
In view of the fact that B is a rank-1 E-module, B/M is torsion. Because the group B/E ∼=
(Bτ /B0) ⊗ E has bounded p-components, the same holds for B/(E + M). Furthermore, since
(M + E)/M ∼= E/(M ∩ E) is ﬁnite, the groups on the outside of the sequence 0 → (M + E)/M →
B/M → B/(M + E) → 0 have bounded p-components. Consequently, the same holds for the
group in the center. Thus, Ext(B/M, B) ∼= ΠpGp where all the Gp ’s are bounded, and the group
Ext(B/M, B)/t Ext(B/M, B) is divisible.
The exact sequence 0 → M → B → B/M → 0 induces 0 = (B/M)∗ → B∗ → M∗ δ→ Ext(B/M, B) α→
Ext(B, B) → Ext(M, B) → 0. Since Ext(B, B) is torsion-free, im(δ) contains t Ext(B/M, B), and im(α) is
divisible as an image of Ext(B/M, B)/t Ext(B/M, B). Hence, the group Ext(M, B) is torsion-free, too.
For M ⊆ Bn , consider the exact sequence 0→ M ∩ B1 → M → M/(M ∩ B1) → 0 where B1 denotes
the ﬁrst component of Bn . If M ∩ B1 = 0, then M is a submodule of Bn−1, and we are done. Thus,
assume M ∩ B1 = 0. In the induced sequence 0→ (M/(M ∩ B1))∗ → M∗ α→ (M ∩ B1)∗ → Ext(M/(M ∩
B1), B) → Ext(M, B) → Ext(M ∩ B1, B) → 0, the groups Ext(M/(M ∩ B1), B) and Ext(M ∩ B1, B) are
torsion-free by induction hypothesis and the case n = 1. If im(α) = 0, then M ∩ B1 ⊆ RB(M) = 0,
a contradiction. Therefore, im(α) is a pure, non-zero E-submodule of (M ∩ B1)∗ which has rank 1 as
an E-module. Therefore, α is onto. But then, Ext(M, B) is torsion-free by Lemma 2.2. 
Corollary 3.3. The following are equivalent for an irreducible Murley group B:
a) B has idempotent type.
b) Every ﬁnite rank group A ∈ ∗B has the property that A ⊗ B0 ∼= D ⊕ C with D divisible and C isomorphic
to a pure subgroup of Bn for some n <ω.
Proof. a) ⇒ b): For a ﬁnite rank group A ∈ ∗B , consider a decomposition A ⊗ E = D ⊕ C as in Theo-
rem 3.2 where D is divisible and C is an E-submodule of Bn for some n <ω. Since B has idempotent
type, B = E , and C is free. Let π : A ⊗ E → C be the projection onto C with kernel D . Observe that,
because B0 is pure in E , the group A⊗ B0 is pure in A⊗ E . Write A⊗ B0 = D1 ⊕U for some divisible
group D1 and a reduced group U . Observe that U is pure in A ⊗ E . Hence, U ∩ D is a pure subgroup
of A⊗ E . Since D is divisible, U ∩ D is divisible, i.e. U ∩ D = 0. Therefore, π |U : U → C is a monomor-
phism; and it remains to show that π(U ) is pure in C . To see this, let c ∈ C , and suppose that there is
a non-zero integer k such that kc = π(u) for some u ∈ U . Write u = d+ c1 for some d ∈ D and c1 ∈ C .
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A ⊗ E , there is u1 ∈ U with u = ku1. Hence, kc = π(u) = kπ(u1), and c ∈ π(U ).
b) ⇒ a): Suppose that every ﬁnite rank group A ∈ ∗B has the stated property. If τ is not idem-
potent, then there exists a type σ with type(B0) < σ < τ . If Bσ is a subgroup of Bτ of type σ , then
Bσ ∈ ∗B by Proposition 3.1, although Bσ ∼= Bσ ⊗ B0 cannot be isomorphic to a pure subgroup of Bnτ
for some n <ω. 
If OT(B) < type(Q ), then ∗B = ∗Bτ , and ∗B contains all ﬁnite rank groups A with RB(A) = 0 [6].
Our next result shows that this already fails for the groups B with r0(B) > 1 described by Corol-
lary 3.3:
Proposition 3.4. Let B be a homogeneousMurley group of idempotent type with r0(B) > 1 and |supp(B)| 2.
a) Ext(B, Bτ ) is not torsion-free.
b) If U is a p-pure subgroup of B for some prime p with B = pB, then Ext(U , B) is torsion-free if and only if
U∗/U is ﬁnite, i.e. U
.= U∗ . In particular, B contains a subgroup U such that Ext(U , B) is not torsion-free.
Proof. a) Observe that Bτ = B0 if τ is idempotent. There exists a subgroup U ∼= ⊕n B0 such
that B/U is torsion. We obtain the sequence 0 = Hom(B/U , B0) → Hom(B, B0) → Hom(U , B0) δ→
Ext(B/U , B0) → Ext(B, B0) → Ext(U , B0) = 0. Observe that the last Ext-group vanishes since B0 is
a subring of Q and U ∼= ⊕n B0. Therefore, every exact sequence 0 → B0 → X → U → 0 is a B0-
exact sequence which has to split. Since Hom(U , B0) is a ﬁnitely generated free left B0-module,
T = t(im(δ)) is torsion in view of the fact that B0 is a PID. If Ext(B, B0) were torsion-free, then
T = t Ext(B/U , B0), and Ext(B/U , B0) ∼= T ⊕Ext(B, B0). By [7, Theorem 52.3], Ext(B/U , B0) is reduced,
so that Ext(B, B0) = 0. Since countable Whitehead-modules over B0 are free, this is not possible be-
cause B is an indecomposable B0-module and has rank at least 2.
b) Since U is p-pure in B , we have rp(U ) = rp(B) = 1. Hence, there exists a short exact se-
quence 0 → Z → U → V → 0, in which V = pV and V [p] = 0. Since B is homogeneous and not
p-divisible, V ∗ = 0. Thus, we obtain the exact sequence 0 = V ∗ → U∗ → Z∗ ∼= B . In particular, U∗
is a non-zero ideal of B = E since B has idempotent type. Moreover, since every pure rank-1 sub-
group of B is isomorphic to B0, we have an exact sequence 0 → B0 → U∗ → D → 0, in which D
is torsion-free divisible. Hence, the group (U∗)∗ is also isomorphic to a non-zero ideal of B . Fi-
nally, consider the short exact sequence 0 → U → U∗ → T → 0, in which T is torsion. We obtain
0 = T ∗ → (U∗)∗ → U∗ δ→ Ext(T , B) α→ Ext(U∗, B) → Ext(U , B) → 0. Since B is a PID, (U∗)∗ ∼= B ∼= U∗
so that im(δ) is ﬁnite. If Ext(U , B) is torsion-free, then im(α) is a pure subgroup of the torsion-free
divisible group Ext(U∗, B), and, hence, is torsion-free and divisible too. Since im(δ) is algebraically
compact, Ext(T , B) ∼= im(δ) ⊕ im(α). By [7, Theorem 52.3], Ext(T , B) is reduced. Therefore, im(α) = 0
and Ext(T , B) is ﬁnite. But this is only possible if T is ﬁnite.
Conversely, if U
.= U∗ , then Ext(U , B) ∼= Ext(U∗, B) is torsion-free since U∗ is a pure subgroup of B
and B ∈ ∗B .
Finally, B contains a subgroup W ∼= Z ⊕ Z. Select p = q ∈ supp(B) and consider the group B/W .
Choose a subgroup U  B containing W such that U/W = (B/W )q . Then U is q-pure in B . If
Ext(U , B) were torsion-free, then U would be quasi-equal to its puriﬁcation U∗ by what has already
been shown. But, rp(U ) = 2 while rp(U∗) = rp(B) = 1, a contradiction. 
Our ﬁnal result addresses the question which countable groups belong to ∗B in case that B is an
irreducible Murley group:
Theorem 3.5. Let B be a homogeneous, indecomposable Murley group of type τ .
a) A rank-1 group A belongs to ∗B if and only if A ⊗ B0 ∼= Q or type(A) τ .
b) The following are equivalent for a countable torsion-free group A:
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ii) If U is a ﬁnite rank pure subgroup of A, then U ∈ ∗B and U is B-cobalanced in A.
iii) There exists an ascending chain of B-cobalanced subgroups {An}n<ω of A such that A0 = 0 and
An+1/An is a rank-1 group whose type is less than or equal to τ or (An+1/An) ⊗ B0 ∼= Q.
Proof. a) Let A ⊆ Q with Ext(A, B) torsion-free. Without loss of generality, we may assume that A is
a B0-module. If A∗ = 0, then A ∼= Q by Proposition 2.3. On the other hand, if there exists a non-zero
homomorphism α : A → B , then α is one-to-one, and type(A) type(α(A)∗) = τ .
Conversely, if A ⊗ B0 ∼= Q or type(A) τ , then A ∈ ∗B . By Proposition 3.1, A ∈ ∗B .
b) i) ⇒ ii) is a direct consequence of Theorem 2.4. To see ii) ⇒ iii), write A as the union of a chain
of pure subgroups An with r0(An) = n. By Theorem 2.6, each An is B-cobalanced in A and Ext(An, B)
is torsion-free. Lemma 2.2 now yields that An+1/An ∈ ∗B; and it has the desired form by part a).
iii) ⇒ i): We show that the canonical map Hom(A, B) → Hom(A, B/pB) is onto. Let f ∈
Hom(A, B/pB). Suppose that f |An ∈ Hom(An, B/pB) lifts to a map fn ∈ Hom(An, B). Since B is injec-
tive with respect to 0 → An → An+1 → An+1/An → 0, there is an extension g ∈ Hom(An+1, B) with
g|An = fn . We consider the diagram
Hom(An+1/An, B)
α−−−−→ Hom(An+1/An, B/pB) −−−−→ 0
⏐⏐
τ
⏐⏐
ψ
Hom(An+1, B)
π−−−−→ Hom(An+1, B/pB)
⏐
⏐
⏐
⏐
Hom(An, B) −−−−→ Hom(An, B/pB) −−−−→ 0
⏐
⏐
⏐
⏐
Ext(An+1/An, B) −−−−→ Ext(An+1/An, B/pB) −−−−→ 0.
Deﬁne δ = f |An+1 − π g ∈ Hom(An+1, B/pB). Clearly δ|An = 0. Hence, δ ∈ im(ψ). Since α is onto,
there exists a map h ∈ Hom(An+1/An, B) with ψ(α(h)) = δ. Deﬁning λ = τ (h) ∈ Hom(An+1, B), we
see πλ = δ and λ|An = 0. Now choose fn+1 = g + λ because this implies fn+1|An = fn and π fn+1 =
π g + δ = f |An+1. We deﬁne f¯ (a) = fn(a) if a ∈ An , and obtain π f¯ = f . 
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